Codes which extends the powerful characteristics of SuperOrthogonal Space-Time Trellis Codes to four transmit antennas. We consider a family of quasi-orthogonal space-time block codes as building blocks in our new trellis codes. These codes combine set-partitioning and a super set of quasi-orthogonal space-time block codes in a systematic way to provide full diversity and improved coding gain. The result is a very powerful code that provides full rate, full diversity, and high coding gain. Simulation results demonstrate the good performance of our new SuperQuasi-Orthogonal Space-Time Trellis Codes.
I. INTRODUCTION
Space-time trellis codes have been introduced in [1] to provide improved error performance for wireless systems using multiple transmit antennas. The authors have shown that such codes can provide full diversity gain as well as additional signal-to-noise ratio (SNR) advantage that they call the coding gain. Code design rules for achieving full diversity for two transmit antennas are also provided. Using these design rules, examples of codes with full diversity as well as some coding gain were constructed that are not necessarily optimal.
In [2] , Alamouti introduced a simple code to provide full diversity for two transmit antennas. In [3] , the scheme is generalized to an arbitrary number of antennas and is named space-time block coding. Also, the theory of orthogonal designs has been generalized in [3] to show when it is possible to achieve full diversity. Although a space-time block code provides full diversity and a very simple decoding scheme, despite the name, its main goal is not to provide additional coding gain [3] , [4] . This is in contrast to space-time trellis codes that provide full diversity as well as coding gain but at a cost of higher decoding complexity.
A new class of space-time codes called super-orthogonal space-time trellis codes (SOSTTCs) was introduced in [5] . A similar independent work was done in [6] . These codes combine set-partitioning and a super set of orthogonal spacetime block codes in a systematic way to provide full diversity and improved coding gain over earlier space-time trellis code constructions. The super-orthogonal set is derived by a constellation rotation. While providing full-diversity and fullrate, the structure of the new codes allows an increase in the coding gain. One shortcoming of the orthogonal space-time block codes is the fact that full-rate codes do not exist for more than two transmit antennas [3] . To combat this problem, quasiorthogonal space-time block codes (QOSTBCs) have been proposed in the literature [7] , [8] that provide full rate. One can rotate some of the signals in a quasi-orthogonal space-time block code to derive a code that provides full-diversity and full-rate. Independent examples of such a rotation are given in [9] , [10] , [11] . The result is very powerful codes with simple pairwise decoding strategies. In this work, first we study the conditions for which a rotated QOSTBC provides full diversity and then we combine the constellation rotations of SOSTTCs with that of QOSTBCs to systematically design a new class of space-time codes that provide full-rate, full-diversity, and very high coding gains for four transmit antennas. We call codes derived from this new structure super-quasi-orthogonal spacetime trellis codes. Not only do we show how to design a spacetime trellis code for a given rate and number of states, but also our general set-partitioning results provide the maximum coding gain for the proposed structure.
In Section II, first we provide a parameterized class of quasiorthogonal space-time block codes and study the conditions to provide full diversity. Then, we study the set-partitioning using PSK constellation symbols in Section III. Using the new parameterized class of space-time block codes and our set-partitioning, we show how to design optimal super-quasiorthogonal space-time trellis codes for four transmit antennas in Section IV. We present simulation results in Section V and provide some concluding remarks in Section VI.
II. FULL-DIVERSITY QUASI-ORTHOGONAL SPACE-TIME BLOCK CODES
Full-rate orthogonal designs with complex elements in its transmission matrix are impossible for more than two transmit antennas [3] . The only example of a full-rate full-diversity complex space-time block code using orthogonal designs is the Alamouti scheme [2] which is defined by the following transmission matrix:
Here we use the subscript 12 to represent the indeterminates x 1 and x 2 in the transmission matrix. Now, let us consider the following QOSTBC [7] :
pairs. There are other examples in [7] with the same properties. A similar quasi-orthogonal code is proposed in [8] :
It is easy to see that a diversity of 2M is achieved for M receive antennas while the rate of the code is one. Note that it has been proved in [3] that the maximum diversity of 4M for a rate one complex orthogonal code is impossible in this case if all signals are chosen from the same constellation.
The maximum likelihood decision metric can be calculated as the sum of two terms such that one can decode pairs of symbols independently [7] . For x 3 and x 4 from the original constellation, let us denotex 3 andx 4 as the rotated symbols (with respect to x 3 and x 4 ). One can show that it is possible to provide full-diversity QOSTBCs by replacing (x 3 , x 4 ) with (x 3 ,x 4 ). Independent examples of such full-diversity QOSTBCs are provided in [9] , [10] , [11] . The resulting code is very powerful since it provides full diversity, full rate, and simple (pairwise) decoding with very good performance.
In what follows, first we derive the general conditions to achieve full diversity for this code.
Lemma 2.1:
for the QOSTBC in Equation (3). The same formula holds for the code in Equation (2) if we arrange the codewords as c 1 = (x 1 , x 2 , −x 4 ,x 3 ) and c 2 = (y 1 , y 2 , −ỹ 4 ,ỹ 3 ). Proof: Due to the space limitation, see [12] for the proof. Note that since Equation (4) unifies the coding gain formula for both of the codes in Equations (2) and (3), and other structures in [7] , the two codes would have similar properties. In what follows, with a slight abuse of the notation, we use c = (x 1 , x 2 ,x 3 ,x 4 ) along with Equation (4) for both codes. However, one should keep in mind that for the code in Equation (2), the codeword is in fact c = (
This one-to-one replacement is the only difference between the two codes as far as our results and new codes are concerned.
Lemma 2.2:
The quasi-orthogonal code provides full diversity if and only if the rotated constellation is such that
Proof: Full diversity is achieved if and only if the CGD in Equation (4) is not zero. If the CGD becomes zero, then at least one of the two factors in Equation (4) should be zero. To find the minimum CGD, we consider all possible values of x i , y i ,x 2+i , andỹ 2+i , i = 1, 2. If there is a set of values such that
as well. Therefore, without loss of generality, we only need to consider the case that the second term becomes zero. All terms of the sum are nonnegative. Therefore, the sum is zero only when all of its terms are zero and vice versa. 
PSK constellation with even L andx 2+i signals from the rotated constellation, the resulting QOSTBC provides full diversity. proof: We need to show that it is impossible for any values of S i , S j from the original constellation and T k , T l from the rotated constellation to have S i + S j = T k + T l . We know that S i + S j is a vector which is placed on the bisector of S i and S j . Suppose that T k and T l from the rotated constellation can have a sum, T k + T l , equal to S i + S j . Then, we assume
Therefore,
This results in one of the following two equalities 2α = 2β or (6) 2α = 2π − 2β.
Neither of these equations can be true because α = β results in S i = T l and S j = T k that is impossible and α = π − β results in another set of impossible equations S i = −T k and 
, the code is not full diversity. Otherwise, the code provides full diversity. proof: Using Lemma 2.4, for any pair S i and S j , one can write S i − S j = T k − T l , where T k = −S i and T l = −S j are from the rotated constellation. Therefore, for every difference between two signals of the original L-PSK constellation, there is an equal difference term between two signals from the rotated constellation. If these four signals are part of the two codewords, the resulting coding gain is zero which shows the code does not provide full diversity. For other rotations, the proof of full diversity is similar to that of Theorem 2.1. ✷
III. SET-PARTITIONING
Following the general method in [5] , to design a Super Quasi-Orthogonal Space-Time Trellis Code, first we need to do set-partitioning. The number of signals to be partitioned varies with the 4 th power of the constellation cardinality. It is 8 4 = 4096 for 8-PSK. We provide a complete study of set-partitioning for BPSK and QPSK for 4 transmit antennas. A general algorithm for obtaining the set-partitioning of an arbitrary L-PSK from the set partitioning of an L 2 -PSK (L is even) is provided in [12] . In this section, we assume that x 1 , x 2 , x 3 , and x 4 are symbols from an L-PSK constellation and x 3 and x 4 are rotated by π L to derivex 3 andx 4 . Note that rotating (x 1 , x 2 ) instead of (x 3 , x 4 ) results in similar properties. The index assignment for an L-PSK constellation is such that an index l represents a symbol e j2πl L . We provide the indices for x 1 , x 2 , x 3 , and x 4 in all tables and figures. The resulting symbolsx 3 andx 4 are derived by applying the corresponding rotations. Table I shows an example of set-partitioning for BPSK. In Table I , the rotation is π 2 and 0, 1 represent 1, −1, respectively. Note that π 2 is the optimum rotation in that it provides the maximum coding gain for a quasi-orthogonal space-time block code using BPSK. Also, clearly 0, 1 respectively represent j, −j after applying the rotation for the third or forth symbols. Tables II and III present similar set-partitioning for QPSK. Similarly, we have picked a rotation of π 4 for QPSK since it is the optimum rotation in that it provides the maximum coding gain for a quasi-orthogonal space-time block code.
IV. DESIGNING FULL-RATE, FULL-DIVERSITY CODES
In this section, we design trellis codes for 4 transmit antennas and obtain the coding gain for these codes. Using the quasi-orthogonal space-time block codes that we have studied so far as building blocks to design trellis codes would result in rates lower than full rates. To design trellis codes without sacrificing the rate, one should add new elements in the code design as follows. So far we have assumed that the constellation pointsx 3 andx 4 belong to a rotated L-PSK constellation. Obviously due to the symmetry, similar results are valid if we rotate x 1 and x 2 instead of x 3 and x 4 . This will give us a new degree of freedom and additional constellation matrices to pick from. Using these two codes, we still need more constellation matrices to design full-rate trellis codes. The notion of adding constituent block matrices to the design In what follows we show that we only need to use two of these four rotations.
We use C(
to represent a quasiorthogonal code in which symbols are from an L-PSK constellation; symbols x 1 and x 2 are rotated with rotation φ 1 and symbols x 3 and x 4 are rotated with rotation φ 2 . Also, the first column is multiplied by e jθ1 and the second column is multiplied by e jθ2 as follows: 
(8) Equation (8) provides a class of quasi-orthogonal spacetime block codes with four parameters that provide enough constellation matrices to design a full-rate trellis code, when x 1 , x 2 , x 3 , and x 4 belong to an L-PSK constellation. There are many other choices that provide similar properties although it is important to make sure that the used rotations do not change the diversity of the code. It is easy to show that the above class of codes always provide a full-rate, full-diversity code for which the symbols can be decoded in pairs.
A. Two-state codes
We introduce two-state codes for BPSK and QPSK constellations in Figure 1 . It is possible in a two-state code that a path diverging from state zero remerges to state zero in P = 2 transitions. To find the minimum CGD of a code, one should consider all possible paths with P = 2 transitions and calculate the corresponding CGD. For the rate r = 1 bit/sec/Hz code in Figure 1 using BPSK, the minimum CGD for paths with P = 2 transitions is more than the minimum CGD for parallel transitions (CGD = 4096). Therefore, the minimum CGD of the code is 4096. For the rate r = 2 bits/sec/Hz code in Figure  1 using QPSK, the minimum CGD of the code is 64 which is dominated by parallel transitions. 
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B. Four-state codes
We demonstrate four-state codes in Figure 2 . Note that it is impossible in these codes, to diverge from a state and remerge to the same state after P = 2 transitions. For the BPSK code in Figure 2 , the minimum CGD for the paths with P = 3 transitions is larger than the CGD of parallel transitions which is 4096. Therefore, the minimum CGD of the code is 4096. For the QPSK code in Figure 2 , the minimum CGD of the code is 64 which is dominated by parallel transitions.
We also present two more four-state codes in Figure 3 . The minimum CGD of the BPSK and QPSK codes in Figure 3 is 1792 and 256, respectively. The BPSK code in Figure 3 is more complex than the BPSK code in Figure 2 while providing a lower coding gain. Therefore, there is no use for this code. On the other hand, the QPSK code in Figure 3 compared to the QPSK code in Figure 2 provides a higher coding gain with a slight increase in complexity.
Using our new method, one can design codes for four transmit antennas using any given trellis and at any given rate. Usually, there are a few degrees of freedom in terms of picking the rotations to maximize the coding gain.
V. SIMULATION RESULTS
In this section, we provide the simulation results of the codes that we designed in Section IV for four transmit antennas and one receive antenna. In all simulations, a frame consists of 132 transmissions out of each transmit antenna. Figure 4 shows the frame error probability results versus signal-to-noise ratio (SNR) at rate r = 2 bits/sec/HZ for the two-state code in Figure 1 and the four-state code in Figure  3 . For r=2 bits/sec/HZ, we use QPSK and the corresponding set-partitioning in Tables II and III . We also include outage probabilities from [13] (independently derived in [14] ). The results show that the slope of the curve for SQOSTTCs is the same as that of the outage probability. This is in agreement with the fact that SQOSTTCs provide full diversity. Also, using two states, the performance of SQOSTTCs is only about 5 dB away from the outage capacity. The gap can be decreased by using a trellis with more states. Comparing the simulation results of a SOSTTC for two transmit antennas from [5] with the new SQOSTTCs for four transmit antennas shows that a huge gain is achieved at high SNRs. This is due to the fact that while SQOSTTCs for four transmit antennas achieve a diversity of four, only a maximum diversity of two is possible with two transmit antennas. As a result a two-state SQOSTTC with four transmit antennas provides about 4 dB improvement over a two-state SOSTTC with two transmit antennas at a frame error rate of 10 −3 . Although this is not a fair comparison because we are comparing against the codes that are designed for two transmit antennas, it shows how much gain one can expect from using four transmit antennas instead of two. Also, it shows that SQOSTTCs provide all good properties of SOSTTCs for four transmit antennas. Therefore, one can think of SQOSTTCs as generalization of SOSTTCs to more than two transmit antennas.
VI. CONCLUSIONS
In this paper we presented and analyzed new codes named Super-Quasi-Orthogonal Space-Time Trellis Codes for 4 transmit antennas. First, we provided the necessary and sufficient condition for full diversity in Quasi-Orthogonal codes. Then, we used these results to present full-diversity, full-rate superquasi-orthogonal codes. These codes combine set-partitioning and a super set of quasi-orthogonal space-time block codes in a systematic way to provide full diversity and improved coding gain. The result is a very powerful code that provides full rate, full diversity, and high coding gain for different number of states and at different rates. While providing all these nice properties, the decoding complexity is relatively low. The interested reader is referred to [12] for the details of decoding. Simulation results demonstrate the good performance of our new super-quasi-orthogonal space-time trellis codes. A complete study of CGD analysis for different code examples is provided in [12] . 
